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EXPERIMEPTAT NFL CIC SURVEY 


OF CANTILEVER SECTORS OF UNIFORM THICKNESS 
OUs sir 


The purnose of this investigation was to experimentally determine 
deflection data for 0 to 180 degree uniform thickness cantilever sectors. 
The basic deflection data is presented in the form of influence coeffi- 
elents that can be utilized in the determination of the deflection of - 
eectors as caused by any regular transverse loading. 

One phase of the investigation was specifically planned to achieve 
results that could be compared with an analytical solution of the problen. 

In addition to the basic experimentation, preliminary investigation 
was made of the effect of thiclmess and boundary fixity on the stiffness 
of cantilever sectors. 

Deflection modes as calewlatod from the data of this havee medi on 
were in close agreement with those determined by the analytical solution. 
Agreement in adsolute magnitude was of the order of 15 percont for three 
— conditions checked. 

Further investigation into the effect of thickmess is considered 
desirable before the results of this investication are applied to the 
determination of deflections for sectors of different thickmess from 
those used in the investigation. 

The investigation was carried out in the Guggenheim Acronautical 


Laboratory at the California Institute of Technology, Pasadens, California. 


PXPERIHENTAL DEARLECTION SURVEY 


OF CANTILEVan ScC?CRS OF UNIFORM THICKNESS 


I purRopuctrol 

The purpose of this investigation was to study the deflection of 
uniform thickness sectors when fixed on ons radius and subjected to trans= 
verse loadings. The investigation wos nade using svecimens of 24§T 
alumimim alloy. All lcedinss were below the proportional limit of the 
material. 

The experinental work wes divided into two phases: 

Phase }. Obteining deflection data for a family of sectors of 
varying opening anvle bat with idontical thickmess and radius. The de- 
flection data was reduccd to influence coefficients that were arranged 
in matrix form. The sectors of this family varied in sector angle from 30 
to 18 degrees. 

Phage 2. Determining the deflection pattern of a 45 degree sector 
when subjected to a varticular boundary loading. This phase was for the 
purpose of obtaining results that could be compared with results of an 
Meaiyties? sorution.'!) one second phase nleo (Heluaed & PHSADAaeED 
investigation of the effect of thickness ane boundary fixity on the de=- 
flection of sectors for the particular case of 45 degree opening anzle. 

The testing equipment was designed and built by the author in col= 
laboration with Willian =. Henry, and utilised the basic facilities of 


the GALCIT® structures laboratory, 


aa in ra a cg CRT 


“Guggenheim Aeronautical Laboratories, California Institute of Technology, 
Pasadena, California. 
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A major portion of the tine was snont on the development of procedures 
and techniques which would permit the inyostisation to proceed moro rapidly 
and yield data that could be used for the detormination of deflections 


caused by any kind of transvorse loading. 








11 RQUIPHE? 
2D Spec} 

The besic erecinen used in Phase 1 of this investisation was cut 
from 1/4 inch -luctimm 2l’or “late. The original specinen was 19,94 
Snches in radius, had an averase thickness of 0.251 inchos and a sector 
ongle of 180 degrees. Sectors of 135, 90, 75, GO, 45, and 30 degrees 
vere obtained by progressively cutting back the basic specimens Meure 1 
shows the plan form of the specinmon with its 19-1/2 = 20 inch hold-down 
extension. A 2 inch by 15 cesree polar grid was lightly scribed on both 
sides of the specimen after it had been painted with a light coat of 
yken Blue. 

The snecimen used in Phase 2 of this investigation was cut from 1/8 
inch 28% olunimm alloy plate. The average thiclmess of this specinen 
yas 0.125 ineheaa. The overall radius was 25 inches and the effective 
radius was 20 inches. Radial saw cuts were unde between the above nentioned 
redii at 1 inch intervels elong the effective circumference. Mgure 2 
shows the plen forn of the svecimen used in Phase 2. 
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The testing equipment wes constructed using an existing steel frame 
2S a supperting base. Two 21/2 x 4 x 3/% inch angle sections approxi- 
mately 43 inches lons wore leveled and secured to the ezisting base frame. 
The upper horizontal surface of the angle irons had been machined to 
provide a level surface for the holdedown plates. Two stross relieved and 
machined 1 «x 29 x 19-1/2 inch steel hold=-down plates were secured to the 


angle irons by 12 stesl bolts. The specimen was inserted between the hold= 


dowm plates and sting 1/27 inch trhimmar than the specinen vore used to 
prevents excessive "bovine" of the holc=down ril:.tes. Sinee no bolts could 
So used near the line of fixity of the snecinen, three scray foattr -rre 
onrlayvad to increase the ~voemire of the upner hold=-down plate on the 
specinen. Tie serey jncxks used were sufficient tc eeuse noticeable con= 
exve bending of bots uold=down plates. ‘Fisure 3 shovs the arranvonent used 
fo secure tho gpecinen. 

The loudin: device oernitted the application of point leads fron 
ahove wr the use of 2 lo:dinzg pin to which weishts were added. The 
roint of tho loading pin was grownd to as small a radius as possible 
without its coousing de:suywse to tuc specimen during roveated louding. 

The moyenent of the load to tie verious grid points was accomplished 
in the following Mnuers 

(2) The loading nin wes raised from contact with the specimen by 
a foar foot lever arm that had a fulcrum ahove the sector centcr. 

(bo) Tho lever arc, carrying the loading vin with it, could ve 
rotated about the sector center throughout the required 160 degress. 

(c) Radial motion of the loading pln was eccomplished by means of 
roliers on the guiding mechanisu. These rollers acted on the Levor arn 
and could be locked at any radici position. 

(a) The loading pin guiding mechanism was so crransed that hen the 
load was positioned on the specimen neither the lever arm nor the guiding 
neciznisnm took any anvreociable emount of the vertical load. 

Further information cn tho mechanical details of the louting cua be 


obtained from Figure 3. 


A deflection table was positioned parallel and 9~1/2 inches below 
the lower surface of the specimen. This deflection table consisted of 
an ordinary office table that was secured to the testing frame by means of 
"c" clamps. A 3 x 60 inch smooth surface top was made from 1/4 inch 
nasonite slued to 1 inch nlywood. When rigidly clamped to the table 
this top provided a smooth and steady platform from which the deflections 
could be measured, Since there was no weight on the table other than the 
deflection ssuge, no additional rigidity of the table was deemed necessary. 
A deflection gauge was made by mounting a Model 282 Ames dial 
gauge of 1 inch travel and reading to 0.001 inch on a sturdy base. The 
main spring of the dial gauge was removed and a uniform gauge force was 
enV tet by gravity action on a horizontal 8 inch alumimm bar supported 
at an off-center pivot. The overall height of the deflection gauce was 
nade adjustable by the addition of precision ground base blocks. 


Fipure 4+ illustrates the operation of the deflection gauge. 








Prelininary tests for tho rurnose of determinins the most dosirable 
oxporinentation tec! niques were conducted on a 0.C75 inch 2/€¥ aluminun 
specincen. Farly invostisation indicated the desirabllity of losding the 
specimen bs gravity from above while ceflections were being measured 
from below. 

The Yollowlnge general rocuiromonts were set forth: 

(a) Haxzimum deflections mst be as largo as possible to keer 
reading errors to a minimum, but measuresdle vernanent set of the speci- 
rion must not result. 

(>) The loading mast be as larve as possidle within the limits of 
(a) above and yet permit easy nannnl handling. 

(c) Sector anslos from C to 180 degrees mist be investicated. 

(a) Prom the data obtained i+ must do possible to doteraine the 
deflection of a spocinen under any form of transverse louding. 

In view of the above requirements, it was decided that the supner~ 
position of deflections caused by point londs would be utilized and, 
further, that Maxwell's Reciprocal Theorem would be used to minimize the 
amount of data required. 

The prelininary investigation utilized a standard spring=loaded 
dial gauge and the results obtained did not agree with Maxwell's Reciprocal 
Theorem. Two possible causes for this discrepancy were investigated. 

(a) Fizity of the specimen in the test equipment. 

(o) Linear variation in the deflection gauge force on the spscinen 


because of the main spring of the dial gauge. 


By revincins tne mein sprin; of the dial gouee with a lever system 
that produced a uniform deflection gauge force throughout its range of 
travel, the results wore found to sutisfy “uxwell's Reciprocal Theoren. 
By repeated testing it was determined that Maxwell's Recinrocel Theoren 
would yield resuits within the scatter caused by reveated readings for 
any one polat. Superposition wes checked by compering results with those 
of a survey made with a uniform load on a 45 dogree sector. 

By plotting deYiection deta from the vrelininary investigation, 
the distrivution and density of loading points were decided upon. 

It was determined that tne most accurate results could be obtained 
by leaving the deflection se2ugo under a given yvoint while the load was 
moved from point to point. This testing nrocedure eliminated errors that 
might result from irrezularities in the deflection table if the gauge 
were moved petween readings. It clso made it possible to obtain a check 
on the tare reading urter cach load had been removed. A third advantage 
of this method of tosting over an alternate method* was that deflections 
could be read directly without need fer subtracting a tare reading each 


time. - 
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* The deflection gauge can be moved to each of the load points while the 
load is at one load point. 
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IY EQPWUCTIMAL Poo 
Lal Frocedure for Phase i. 

The 150) @eer®e soctor was thea “irst S~-ecinén curvoped. 14 wee 
eecured in the test equimment ani rarilon deflection readin=s were teken 
tec insure thet. the dot: would entisly “osrreli's Eectnroeel Whecre. 
Fifty-three érid points vore selected as tect ~cinte. The defloction 
moter woe ninced under 2 test ~aint on4 the saree cerocd with no load 
Srnliés, WeiPhte bed Dot ettach-c te the lomiine pinto make ite Cosel 
weight 5C »nounds. The locdinc ~in ves rrocraesivels moved to all tost 
points. Deflection reacincs 29 rend vero multinlied by 20 and wore rom 
cordad an data sracts. The mmbers recorded, therefors, recrescnted 
inchea of deflection rer 1000 nounds ond ore horoafter referred to as 
influence coefficients desi-nated as My ee (2) 

By emmloying Mexwell's Recicreesl Theorem, once the deflection cauge 
had been wnder eae test noint and oli readings telcen, thet point nevor had 
to be used again as a loading voint. 

Unon completion of the deflection survcy, the data was transcrided 
to the more convenient metrix form of Tables 1 to 7. 

The data for each test point was examined for large discrepancios 
by drawing contour lines on the rough data sheets. Mgure 5 illustrates 
e data sheet thet had been exmomined in this manner. 

Uven completing a check of all the deste for the 180 desree sector, 
that specimen was pmineen. cat back to 135 dezrees, and the above testing 
procedure repeated, 


imiler exnorimentel procedure was followed with the 90, 75, 60, 45, 


and SC dowmac smeciacns. we t2s% points weod for exch gpecimea are 


iutestce] Wy uke GMS in Molep d to 7. 
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The metnod of measuring deflections in this vhase was the sane as 
for PRage 1 oxcept thet Macwell's meerprocal Theercn was wot wiilliled 

A distributed doundary loading of <i. 0 inch pounds radinl moment 
per inch end -i0..0 pounds slicar per inch wus i:m~oseda over one inch of 
the effective circunference ty placing «= 10.°.6 nound load 4.80 4inehes 
from the root of a finger. Veflactions :cre recorded ag the lond was 
moved to eaoh of tin 15 fingors that were 1 inch wide at the root. A 
i 


modified procedure wis used in the esso of the 16th finger that ues 0.71 


inch wide at the root. 

influence coefficients for the cheer alone were obtained directly 
fron deflection readings tacen whon a 10 pownd concerntruted lezi was 
rlaced at the root of cach finger. 

Influence coefficients for radial moment alone were celculated from 
tho data by the method illustrated in the Appendix of this ee 

The above procedure was repeated for the same sector after all 
fingers nad been eplit to onewhalf their original width. The results 
were compared and thon all excopt 3 of the narrower fingers were cut off 
at their root and the procedure repeated for those three fingers. 

By making a plot of all coefficients against arc position, and 
including on that plot tho values from the tires fincer teat, it was 
possible to correct the original data for the effect of the fingers on 


tue plate stifrfnass. 


GasIe ff -ferbe t>-> rane Qo¢n Tor the 1/? inch, “§ docres sector 
ae correct;4 for ‘he chore mentioned *ffoct. 
A -relininarn imre¢tinntion wg ~-de of the rclahive etifenet?, cl 
the 2//s inth nave 2-2 Ake L/P trch +1986 veod ip ERA OH rlsoe. Wiis 
: 
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wegnective patricés of ir flwenoe coeTRicie-% 
potrmrles. Pocxln °  laewee tre eGeperieen cf ¢** 


investicated. 


fhe @fract ef t*- Si€itcm cont! *ione +s cmtiee Gee We commecinc tie 
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The determination of the deflection of a sector plate causod by a 
distributed load requires that an area coefficient designated "*, ve 
associated with each of the loading points of the influence cocfficioent 
matrix. -If in the symmetrical influonce matrices formed in this investi- 
gation there are "n" loading points designated by sudscripts "Jj" there are 
"n" @eflection points designated by subscripts "i". How if a, is the 
loading intensity of the distributed load at the load point "j" an equivae 
lent concentrated load Ps can bo defined as follows: 

Py 24,4, (1) 

If w, is the true deflection of the sector at point "i" die to a distri- 
wuted loading the rigorous requirements for the area coefficients become 
n n 

i= Jer yy = fer SS (2) 
where (2) must be satisfied for all deflection points simultaneously. 

To meet these requirements a, would be a function dependent upon: 

(a) The geometric position of "j" with respect to other load points 
and the plate's boundaries, 

(ov) The load distribution, 

(c) The deflection mode near "i". 

Accordingly a, cannot be uniquely defined for all valmes of load distri- 
bution and still satisfy the requirements exactly. 

For regular loading distributions and resulting deflection patterns 
a unique e, can be assigned each loading point that will satisfy Equation 
(2) to an acceptable degree of accuracy. The accuracy will be dependent 
upon the variation from the ideal in the load distribution and deflection 


pattern. 
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For this specific investigation the assignment of unique values to 
the area coefficients was based on two approximations. 

) (a) The load distribution was taken to be constant over each ele- 
nental area B56 

(bo) Influence coefficients varied in a linear manner between 
adjoining grid points. 

In Phase 1, where for reasons previously mentioned the loading 
points were selected arbitrarily, an unsymmetrical distribution of load 
points exists. This lack of symmetry made it impractical to establish 
one general rule for the determination of all area coefficients. Typical 
examples for elements as illustrated in Figure (a) follow: 

Area at}! vounded by 
or containing load 
points a, bd, gs f Ke 
and e was distributed 
to those points 


as follows: 


a to each a, »d, 
8 


g, and f. 


“”L to internal 
2 point e. 





0 to k. (This assigemment of zero to k was made since k was an 
unsymmetrical point which was originally selected as a load and 
defleotion point because of its importance in the case of boundary 


loadings. It could be illustrated that failure to assign an area 


la 
= om 
r 


coolficient to this voint does not cause it to be eliminated as a 

deflection point.) 

fo justify the assignncnt ait to soint "e" emoine a geometrically 
siniler internel point "g" which vould be assigned 4n frou each of its 
tour edjoining areas. : 


The typical aree coefficients bocomes 
fe A 
a @ =) a, as 
8 c* + i 
A 4 


For the area c, h, i, c! (where ec! is not a loading voint) the 


+ 22 
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é7rea A. is first distrivutcd equally to the four corner roints. That 
area which was assigned to c' is then redistributed to c end o inversely 
as the distance from c! to those points. This arbitrary method of area 
assignnent for elements near the center of the sector is based on the 
approximation that the load distritution will be nearly constent and that 
the deflection between the two points will be linear. 

Writing the deflection for any point we have 

We Ady, Fanny Foe Ofdebre F AetAgreyqs F 

See a4. (3) 

where as would be the area coefficient of point c if c! were e real load 
point. The last tern of (3) vanishes since &. must be zero where the 
fixed radius does not deflect. 

Considering only that voart of the deflection which is csused by 


the loading near c and c! we have 


» Wi = a! (defi P Agree! (4) 





oJ lee 


Then if Es 4 varies linearly and Gar 24, 2 dg from the assumntions made 


Bquation (/:) can de written 


we = af C * Batdgr ° 2/3 B46 = Xn TE 6 (5) 
or 

(af t 2/3 ay) GWoBy ge B A eLebyo (6) 
and 

2, 2 at t 2/3 ag (7) 


where a, is the total area coefficient of tho point "c". 

Equation (7) illustrates that for the approximations made there 
is justification for the arbitrary cssigment of the area assumed by a 
non~load point to other load points in the inverse ratio of distance to 
those points. 

Sinee on a fixed boundary @;, vanishes, the area coefficients 
assigned to the boundary points have no significance except to provide 
a check. The area of the sector mst equal Ee a - Bigs 

Tables 10 and 11 have tavulated values for the area coefficients 
assigned each loading point of the sectors investigated. Because these 
area coefficients are for sectors of 20 inch radius multiplication by 
r-/4o0 4s required to reduce them to coefficients for other radii. It 
should be noted that while the area coefficients as defined here have 
dimensions of square inches no attempt was made to associate any given 
boundary with the area except to imply that it is in the vicinity of the 
corresponding load point. 

For convenience of notation the area coefficients for each specimen 


investigated are arranged in column matrix form and designated as {a} ° 


+ 


1OF2S 
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The arrangement of the elements in the column matrix is made to corros- 
pond with the order of the load points in the associated influence 


coefficient matrix. 





Vi RASULTS AWD DISCUSSION 
1 “4 39 1. 

The results of Fhase 1 of this investigation are contained in the 
matrices of influence coefficients, Tables 1 through 7. Column matrices 
of the associated area coefficients are given in Tables 10 and 11. The 
results as presented are applicable to 20 inch radii cantilever sectors 
of 24st aluminum 1/8 inch thick and for loadings within the proportional 
limit of the material. By use of the coefficients presented the deflection 
resulting from a transverse loading on any thin cantilevered sector of 
from 0 to 180 degrees can be ascertained. 

A deflection caused by a concentrated load “4 at any grid point 
"4" 36 given by 

Wy = Pyeyy x 20°3" (8) 

This deflection oceprs when the sector is geonctrically and physically 
identical to the sector used in this investigation. Within the region 
of proportional stress-strain the accuracy of the deflections determined 
for this type of loading is governed only by the accuracy of the valuos 
of the influence coefficients. 

Possible sources of error in the tabulated influence coefficients 
ares 

(1) Methed used in measuring deflections, 

(2) Method of loading test specimen, 

(3) MFixity of specimen at its supporting radius, 


(44) Imperfections in the test specimen. 
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"Double indices do not indicate summation over j. 
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By tuitin: rocscated tcst readings and by utilizing Maxwell's Reciprocal 
Thesron 14 was ostimated that because of (1) and (2) the coefficients 

may hive a scatter of z ~5% or t.02 whichever may be the lerger. Fron 
the preiiminary investigation the errors caused by (3) were bounded by an 
upper and lower limit that were in variation by 5 percent. ‘The material 
property curves indicate that the error caused by (4) should be of mgni- 
tude less than 2 percent. 

For concentrated loads at points other than the loading points 
uged in this investigation, interpolation of the data by graphical or 
algebraic methods can be employed. The accuracy of the internolation 
and the accuracy of the influence coefricients will both affect the 
accuracy of the final results. For deflections at points other than 
erid points and for deflection surveys of sectors of intermediate sector 
angles a similar interpolation can be used. 

For a contimous finite transverse shear loading on the free boundary 
of the sector, the deflection at any grid point is found by graphical or 


analytical ovaluation of the integral. 
“4 = Z Va) &1(s) “5 (9) 
Ss 


The process of eveluating and using 84 (3) for the boundary from a finite 
manber of G44 values may introduce interpolation errors in addition to 
those existing in the basic data. ‘here reasonable methods of interpo~ 
lation are employed these errors will not be accumlative but will average 


out and, therefore, be admissible. 





Deflection surveys for distributed transverse loadings over the 
“lan form of the sector -rovide the trroe loading of the nost general 
interest. Distritmted loadings inchudine uniform loads end loeds of the 
nature cneounterec by airfoils in subsonic or supersonic flow ere of 
erocial interest if the a>rroxinction of eirfoils by thin plates of uni- 
form thicknoss is pernitted. Such lozdines can be treated from the 
Gata ob¢nined in this investigation. 

For the case of a distriimted load of intensity Q; at grid point 
"4" the Aeflection is eprrosximated by 

7 i 
Wy os a. G52 s8y5 x 107- (10) 


or in natrix forn 


fo] fake os {wp (12) 
where fel. is the synmetrical square matrix of influence coefficients - 
for a sector with sector angle %“. 

4a} is the column matrix formed by the products a 494 

{w} is the column matrix formed by elements Wy of the deflection. 

Possible sources of error in deflections determined from Zaquation 
(11) ares 

(1) _ Errors in influence coefficients, 

(2) Errors in area coefficients as discussed in an earlier section 
of this report. 

In the case of loadings that are discontimous or have discontimous 


derivatives less acfurate results may result. In the case of such loadings 
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accuracy could be improved by effectively increasing the density of 

the test noints through interpolation. This procedure would require 
the determination of additional influence coefficionts by interpolation 
and the reassignment of area coefficients to all loading points. 

For sectors of thickness, radius, or material constants different 
from those used in the investigation, the deternination of absolute 
deflections can be accomplished through the use of the elasticity rela- 
tionships that are applicable to thin plates. (3) 

6.2 Results of Phase 2. 

The influence coefficients obtained for transverse shear and for 
radial moments acting on the arc boundary of the 45 degree sector used 
in this phase are given in Tables 8(a) and 8(b). Coefficients for trans- 
verse shear are designated 4 j and are mimerically equivalent to the 
deflection in inches at "4" caused by 1000 pounds shear per inch acting 
over one inch of are at "j", Influence coefficients for radial moments 
are designated eis and correspond te deflection at "4" caused by 1000 
inch Senne radial moment per inch ef are acting over 1 inch near "j*, 
The coefficient ,g¢4 represents deflection at "4" caused by 1000 pounds 
of concentrated load at "j" where, in this case, "j"* is the free corner 
of the sector, namely, 45 degrees and 20 inches. 

The coefficients given in Tables 8(a) and 8(b) are applicable 
to 244 alunimm sectors of 20 inch radius and 1/8 inch thickness. By 
superposition, the deflection of such a sector caused by any civen 


boundary loading 1s given by the equation 











15 
wy x10? = ay v4 # 7 V4.6) 84 (36) 
15, 
ts My + m@ag 7 72-4096) w8i(i6) 7 Peay (12) 


where 
Vs 4s the transverso shear 4n pounds ver inch of are near "4", 
My is redial moment in inch pounds per inch of ars noar "j*, 


P, is concentrated load in vounds at 45 degrees and 20 inches. 


For 45 deerae sectors of thictmess, radius, or material constants 
different from those of the sector usod in this phase of the investica- 
tion, the determination of deflections can ba accommlished throuch use 
of the elasticity relationshinas for thin plates. 

The deflection at 31x points on the free boundary of the 45 degree 
sector wore convuted for three svecific boundary londings. The dboundery 
loadines considored aro civen by Ficwres 6, 7, ond 8 The defloctions 
ceused by these loadings as determined from Mauctian (12) are ropresented 
by Fieures 9, 10, and 11 resnectively. The loadings investigated corras- 
pond te locdines for which an amilytical solution hes been obtained by 
williams. ‘)) The deflections siven by the annlytical solution are indi- 
cated on Figures 9, 10, and ll alone with the deflections as determined 
by this exverimentel method. While it is anticipated that there will de 
no more than minor chenges in the analytical results, the-author wishes to 
call attention to the fact that the cormmarisons made in Meures 9, 10, 
and 11 are therefore strictiy valid only if no changes occur in the ana- 
lytical solution wherein it applys to the loadings, deflections, and 


material properties used horein, 


The followins observations are considered significant: 

(1) The order of magnitude of the maximum deflections as deter- 
mined vy the tvo approaches is the sane. 

(2) For the three loadings investigated all deflections in each 
ease were less wnon determined experimentaliy than when determined ana=- 
lyticaliy. This finding is contrary to what is normally found when ex- 
perinents1l results are compared with analytical results, such as in bean 
provlems, It is, however, in accordance with some prelininary results 
of a similar investiczation on cantilevered rectangular plates. 

(3) The deflection nodes as detormined by the analytical and 
experimental methods are similar. ‘This observation indicates that good 
apvreement might ve expected for the stresses near the sector's boundaries 
as determined vy tae two aporoachos. 

The results of uw prelininary investigation into the effect of the 
thickness of sector plates on their stiffness are contained in Table 9. 
Deflection data for the 1/4 inch sector plate was compared with corres- 
ponding deflection dats for the 1/8 inch sector of Phase 2. The elementary 
rolationshins of clasticlty when appiied to thin plates with small de=- 
flections give deflections inverscly as the cube of the thiclkmess. Freon 
that relationship the ratio of deflection of tne .125 plate to the .251 
plate would be 6.10: 1. For the five points investigated the experinental 
results indicate that the ratic of deflections 4s nearly constant and of 
the order of 7.30 3 1. 

Yossible causes fer this variation that may have resulted from the 


experimental technique are? 








(1) The thinner 1/8 inch plate may have permitted a higher degree 
of relative fixity at the supporting radius. Since the preliminary in- 
vestication into the effect of fixity indicated a maximum of 5 percent 
variation in deflections for various fixity conditions it is improbable 
that this ie the only cause for the variation noted. 

(2) There may exist a "thickness effect" which is accentuated 
enough by the geometry of the plate to require the use of the thickness 
term in the plate equations. 

(3) The material constants of the specimen were different from 
the values assumed in the calculation of the boundary loading, namely, 
E« 10.3 x 106 and Vs eo 

A complete investigation of the effect of thiclmess on the deflection 
of similar plates was beyond the scopes of this investigation but, in view 
of the limited observations made, it must be concluded that further in=- 
vestigation is necessary before the results of this deflection survey 
can be accurately extended to sectors of thickness, redius, or material 


constants different from those of the test specimens used. 


VII RECOMIRNDATIONS 

As a result of this investigation the following recommendations are 
made as to the nature of future experimentation with cantilever sectors: 

(1) That a deflection survey be made of a cantilever sector, for 
any given transverse loading, by some alternate experimental method. 
fhe agreement with the findings of this survey would gcive a quahtitative 
indication of the accuracy to be expected in the use of the results of 
this investigation when extended to any of the many surveys that can be 
. made from these results. 

(2) That an alternate method of applying radial moments to the are 
boundary be developed, and the results be compared with those of Phase 2. 

(3) That an extensive investigation be made of the effect of plate 
thickness on stiffness. 

(4) That surface stresses be determined at selected points on a 
given sector subjected to a given loading. Four alternate methods of 
determining, and checking, those stresses are suggested. 

(a) Strain gauge readings with total load applied. 

(bd) By superposition of strain gauge readings for concentrated 
loads at grid points through the use of the area coefficients given 
in this investigation. 

(c) By graphical or finite difference solution of the de=- 
flection survey made by this influence coefficient method. 

(d) By the analytical solution. 

(5) That in fature investigations (particularly when thin plates 


are used) conditions at the fixed boundary be accurately controlled. 


VIII CONCLUSIONS 

The conclusions may be eurrerized 2s follows: 

1. That the influence coefficients determined in this investicction 
provide sufficient and satisfactory basic data for determining the de- 
flection ef 0 to 1& derres cantilever sector: for any remular transverse 
loading. 

2. That, for cconctrically siniler sectors that havo tho sane 
boundary fixity, cood sgreenont with deflections determined dy other 
experimentcl methods can be exvected. 

3. That becense of the technique used in securing tho spociman to 
the test equinmont the "effective fixity" at the supporting radius mey 
have been even greater than thet of e theoretically flet eantilever sector. 

hk, That further investigation, particulerly into the effect of 
thickness on stiffness, is essential hefere the date obtained by this 
investigetion can be accurately extended to thin sectors of thiclmess, 
radius, or material obltonai Gifferent from those of the test specimen 


used herein. 
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; Sj | wag mE j voij m@4j (Weis m4 j 
Pmt -- +— a 
; 10% 2 (12:20 039 —-he20 #229 | 32050 oh 
1 1.0 | 2 Ii 10.95 ~ 33 = 22.10 -1.17 29-65 =2.08 
| 1-0 | 3 9.80 -.28 | 19.90 -1.06 | 26.75 -1.88 
2.0 | Be 8.66 = 222 17-60 = 9h 23-80 -1.66 
Fo Ge 7ese <a 15.35 + 80 20.80 -1.43 
)200 | 6 | 6615 =e 13010 = 663) | «17-75-20 
| 1.0 | v4 | 5.10 -.07 | 10.90 se oh8 14.85 — 098 
(1.0 8 = 4.10 -.02 | 8.95 = 36 12.10 - 75 
| 1.0 | 9 3-15 +02 | 7.00 = 02h 9-50 = °53 
1260 120: (92.30 +07 | §.20 - 12 | 7022 = 35 
1.60/11 | 1.60 +210 3.65 + .02 5-18 == 218 
1.0 12 | 1.00 tell 2/0 + 08 340 - .02 
2-0 13} 660 +010 1.50 +.12 | 2.05 + .08 
1.0 |14 | 215 +209 62 +.-13 «| 90 + cee 
0-1 > 02 +005 m8 +.10 31 <4 + .1P } 
1007 116 | 00 +02 | 600 +405 | 02 + 205. 
| | — 
4 oj = 12.57 | 0815 = 25.15 | oft j= 33.55 
j= 45° / 20" 3 = 45° / 20" 3 = 45° / 208 
Table 8a 
Influence Coefficients 
véij = Inches Deflection/Pound x 10° 
nfij = inches Deflection/Inch Pound x 10° 
oF ue = Inches Deflection/Pound x 10° 
Sector Angle = 45°, t = 1/8 Inches, Radius = 20 Inches 
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1.0' 2 36.70 -3.48 32.70 -3.27 22.18 -2.20 
1.0: 3 83.05 3.02 306.106 ~2.98 21.28 -2.17 
10. 4 29.37 2.58 27.28 -2.62 20.25 -2.16 
1.0: Sl 25.70 -2.74 . 24.20 -2.23 19.05 -2.16 
1.0 6! 22500" -1.7% | 22.10 -1.87 17.40 +2.07 
1.0; 7 18.60 -1.40 18.00 -1.54 15.40 -1.75 
1.0! 86 15.358 -2.07 | 14.95 “1.22 13.20 <1.44 
1.0) 9; 12.08 -.78 | 11290 - .92 10.90 -1.15 
1.01/10: 9.00 - #1 | 9.00 - 64 8.60 - .80_ 
Bye a 6.42 -.28 6.50 - .40 6.456 - .61 
1.012; 4.80 -.10 | 4.80 - 18 4.50 - .34 
1.0)13! 2.50 + .04 | 2290 + .00 2560 = .y | 
10/14] 1.26 + .12 | 1.20 * 00 | Wa + .0Re: 
1.0 |/15 40.9% Ae |S + .10 35 + 208 | 
0.7 116. .0l1 + .06 | “OL + .04 Ol + .07 | 
= L s : | se poe = ee 
| | | | 
] 
| 084 3 = 42,05 | Bij = 35.88 | e815 = 23.15 | 
| J = 46° zn 20" ( j= ae = 20" | j= 45° / 20" | 
fable 8b 
Influence Coefficients 
3 


wij =x Inches Deflection/Pound > 10 
nfiy = Inches Deflection/Inch Pound x 10° 


0845 = isoligs Deflection/Pound x 10° 


Sector Angle = 45°/20", t= 1/6 Inches, Radius = 20 Inches 
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oe 45 ° aes ate | 30° /20" 15° /20" 
o 45°/16" | oom ! | | | 
: | 
Meter a 46°/18" | 7.34 | 7.36 | I | 
at | —— to - +: : 
ia. (45°/20" | 7.26 | 7.30 7.39 - 
az at ; 
' 30°/20" 7.23 7.34 ry 7.29 
t— po 2 a 
| 15°/20" 79.) \ 7.82 | 9816 7. 19° | 2.26 | 


Coe 8 ich Sector 
* Saemne sci thdkond 261 inch Sector 


TABLE 9 
Effect of Thickness 


on Stiffness 


Deg. 


13 
15 
15 
15 
30 
30 
30 


45 


45 


60 
60 
60 
76 
75 
75 
76 
75 
75 
75 
75 


75 


rege 
mi LJ = 


Column Matrices of Area Coefficients® 


for 


A 


47" 60° 
5.5850 16 6 5.5850. 
10.4720 15 10 : 10,4720, 
14,6608 15 14 14,6608 
0.0000 20 20 0.0000: 
19.7804 3O 12 19,7804 
21.4672 30 16 21,4672 
14,1368 30 20 14.1368 
5.5850 45 6 5.5850 
10.4720 45 10 10.4720, 
14,6608 45 14 14.6608 
18,8491 45 18 , 18.6492 
0.0000 45 20 0.0000! 
10.5418 60 4 , 0.0000. 
12.5664 60 6 | 0.0000 
16.7550 | 60 8 56,4105 
9.4246 60 10 0.0000 
1.6755 60 12 6.2832! 
0.0000 60 14 | 0,0000 
4.2936 60 16 8.3775 
0.0000 60 18 0.0000 
6.2832 60 20! 4.723 
0.0000 eee 

8.3775 

0.0000 

4.7123 | 
TABLE 10 


Deg. 


7.5 


15 
15 


30 
37.5 
45 
45 
45 
45 
45 
45 
45 
45 
45 


Sectors of 20 Inch Radius 


*Inches” / 


Point 


ee ne ae ee 


2 eee ovate - He 


2 ee 


Le eerines tae <a Cemenie wdit-=o as 


een ees -2 lee 


aes ee ee Ge 


@ make + seer 


13.0550 
12.5664 
16.7550 

9.4246 
10.4720 
14.6608 
18.8491 
0.0000 
5.4454 
10.6814 
12.5664 
16. 7550 
9.4246 
66.2832 
10.4720 
14.6608 
18.8491 
13,4041 
12.5664 
16.7550 
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10.4720 
14.6608 
18.8491 
0.0000 
3.4454 
10.6814 
12.5664 
16.7550 
9.4246 
6.2832 
10.4720 


14.6608 | 


18.8491 
0.0000 
10.1230 
0.0000 
B.3775 
0.0000 
4.7123 
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15/6 

15/10 
15/14 
15/20 
30/12 
30/16 
30/20 
45/6 

45/10 
45/14 
45/18 
45/20 
60/8 

60/12 
60/16 
60/20 
75/10 
75/14 
75/18 
75/20 
90/4 

$0/8 


| 90/12 


90/16 


| 90/20 


105/6 

105/10 
105/14 
105/18 
120/8 

120/12 
120/16 
120/20 
135/4 

135/6 

125/8 

135/10 
135/12 
135/14 
135/16 
135/18 
135/20 


~~ ee wee = 


| Deg. /In. 


ee 


41359 | Deg. /in. 
5.5850 15/6 
10.4720. 15/10 
14.6608 | 15/14 
0 .0000 15/20 
19.7804 30/12 
21.4672 30/16 
14.1368 | 30/20 
5.5850. 45/6 
10.4720 45/10 
14. 6608 45/14 
18.8491 45/18 
0.0000 45/20 
13.0550 60/8 
12.5664 60/12 
16.7550 60/16 
9.4246 60/20 
10.4720 75/10 
14.6608 75/14 
18.8491 75/18 
0.0000 76/20 
5.4454 90/4 
10.6814 90/6 
12.5664 90/8 
16.7550 90/10 
9.4246 90/12 
6.2832 90/14 
10.4720 90/16 
14.6608 90/18 
18.8491 90/20 

io. 
t2.oee! 
16.7560 | 
9.4246 | 
1.6755 
0.0000 | 

4.2935 | 
0.0000 | 
6.2632 | 
0.0000 
8.3775 | 
0.0000 
4.7123 

PABLE 11 


14.6608 | 
18.8491 | 
0.0000 | 
13.0550. 
12.5664 | 
16.7550 | 
9.4246 | 
10.4720 | 
14, 6608 | 
18.8491 
0.0000 
3.3510 
0.0000 
5.9690 
0.0000 
6. 2832 | 
0.0000 | 
8.3775 | 
0.0000 , 


4.1723 , 


Column Matrices of Aree Coefficients* 


for 
Sectors of 20 Inch Redius 


*Inches” / Point 
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L6G Wy & NetLection in inches at deflection point "4™, 


”s = Sencenvmeticd cad in pounds ot iced soine oo 
= o 5 “i mm = > 
= 3 pounde (Piive 1). 
= 10 pounds (Phase 2). 


Sij = imtlucnce coet™Mciont in iAches / 10CO pounds. 


= [Inches def. (at "i") vor Wy (at "S)] = 107. 
. 5 -3 
Jay 2 Py Sy, = 10 1 
& 3 meso 2. 22 
Spy 3 yy (Dhase 1) 1:2 
= = Wd % ites 7 : 
ee a s 1:3 


in the experinentcl nrocedure used ths dial gauge was set to read 
@ ero iin the lord off and, therefore, read "4 when the lood was avpvlied. 
The simvie multi lication Luivolved made nossible the recording of aij 


directly. 





Influence Coeri 






Let w, = Doflection in inches at nT. (Phase 2). 
ym = Shear in pounds / inch on boundary near "Jj", 


v4 3 = Influence coefficient in inches / 1000 pounds. 


{Inches deflection (at "i") per pound near "j"] x 10°. 


tt 


S = Roundary loneth of clement neer "J", | 


s{V 243) x 107? 2:2 


For 10 pound lead and fingers 1" wide at root. 


“yy = Sij (Pingér Nc. 1-15) 
100 


@ 


we 


or 10 mound load and fingsr .71" wide at root. 


= on ee ao. ~ a’ ~ «3 PR yn ~ ¢ 
“4(15) = 0.71CTs ze (16) ¢ ae 10 (74n-7er No. 16) 
64(16) = “43 x 160 | aS 


By suporpositioa, for the specific cuse of ries c the ceflection 
‘at any point "i" duo to a distrimted sneer load on the boundary; is given 
by 


3 ° é ant) nN “mr 4 % =~} 2sha 


Equations 2:2 and 2:3 indicate that the influence coefficients are 
independent of the width of the fingers. However, Zila illustrates how 
the width of the finger is vsed when calculating deflections by the use 


of influence coefficients. 





Let w, = Deflection in inches at "42". 


M; $ Radial Moment in inches / 1b / inch near "j". 
= 49.9 inch pounds / in. (Phase 2). 


Influence coefficient in inches deflection per 1000 


med j 
inch pounds / inch / inch. 


[Inches deflection at "i" per inch pound near nse | x 10°. 
For 10./) pound load 4.8 inches from root of 1" fingers. 

wes = (Vy wis r My nft3) = 107 3:1 
1.0(10.4 4843 # 49.9 pegs) = 1079 (Fingers 1-15) 31a 


= 0.71(20ee v4 (16) t A202 m@i(16) = 107? (Finger 16) 33:1b 
mig = “15 = 10-7 = 10.4 yeas (Fingers 1-16) 332 


9.39 





